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Abstract
A ternary linear recurrence (un)n≥0 is of Berstel type if it satisfies the recurrence
relation un+3 = 2un+2 − 4un+1 + 4un for all n ≥ 0. In this paper, we investigate the
zero–multiplicity of such sequences. We prove that, except for nonzero multiples of
shifts of the Berstel sequence with initial values 0, 0, 1, which has zero–multiplicity 6,
and nonzero multiples of shifts of the sequence with initial values 0, 1, 4, which has
zero–multiplicity 3, all other sequences have zero multiplicity at most 2.
Key Words: Berstel sequence, lower bounds for nonzero linear forms in loga-
rithms of algebraic numbers, zero-multiplicity of linear recurrences.
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1 Introduction
The Berstel Sequence (Bn)n≥0 is defined by B0 = B1 = 0, B2 = 1 and the recurrence
relation
Bn+3 = 2Bn+2 − 4Bn+1 + 4Bn, for all n ≥ 0. (1.1)
It is the ternary linear recurrence with the largest zero–multiplicity, a notion which we now
describe. One of the arithmetic properties of interest in the theory of linear recurrences is
to determine the number of its zeros (see [3, chapter 2]). This is called its zero–multiplicity.
From the works of Skolem [7], Mahler [5], Lech [4], it is known that any non–degenerate
linear recurrence has finite zero–multiplicity which is bounded in terms of the order (length)
of the recurrence. It was conjectured in 1957 by Ward [8] that non–degenerate linear
recurrence sequence of integers of order 3 (also called ternary) have zero–multiplicity at
most 5. However, the Berstel sequence has multiplicity six since B0 = B1 = B4 = B6 =
B13 = B52 = 0. This provides a counterexample to Ward’s conjecture. In 1991, Beukers
[1] proved that 6 is the correct upper bound on the zero–multiplicity of non-degenerate
ternary recurrence sequences of integers. The Berstel sequence has characteristic polynomial














∈ (1.29, 1.3), (1.2)
and two complex conjugated roots
β = 2α−1/2eiω and γ = 2α−1/2e−iω, where ω ∈ (0, 2pi). (1.3)
There is a relation between the roots of the characteristic polynomial of the Berstel
sequence ψ(z) and the roots α1, β1, γ1 of the characteristic polynomial φ(z) = z
3 − z2 −
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z − 1 = (z − α1)(z − β1)(z − γ1) of the Tribonacci sequence 1. Indeed, the relations
α1 = 4α






1 + (19− 3
√









iθ and γ1 = α
−1/2
1 e
−iθ, where θ ∈ (0, 2pi). (1.5)
In this paper, we look at ternary linear recurrences (un)n≥0 with the same recurrence
relation (1.1) such that u0, u1 and u2 are arbitrary integers subject to the condition that
they are not all three zero. The general term of such a sequence is then of the form
un = aα
n + bβn + cγn, with a, b, c ∈ Q(α, β) not all zero. (1.6)
It is easy to see that the ratio of any two of the roots α, β, γ of ψ(z) is not a root of unity,
so in particular the sequences we consider in this paper are indeed non–degenerate. Our
aim is to study the zero–multiplicity of such ternary linear recurrences (un)n≥0. This is
equivalent to studying the number of solutions n to the exponential Diophantine equation
aαn + bβn + cγn = 0, for n ≥ 0 (1.7)
for fixed (a, b, c) not all zero.
We prove the following theorem:
Main Theorem. Up to shifts and scalar multiplication there are exactly two ternary linear
recurrences (un)n≥0 with characteristic polynomial ψ(z) and zero–multiplicity at least 3.
One of them is the Berstel sequence and the other is the Berstel–type sequence (B′n)n≥0
given by the initial values B′0 = 0, B
′
1 = 1 and B
′
2 = 4, which has zero–multiplicity 3. That
is, any other ternary linear recurrence (un)n≥0 of characteristic polynomial ψ(z) which is
not a multiple of a shift of one of the sequences (Bn)n≥0 or (B′n)n≥0 has zero–multiplicity
at most 2.
While there are no immediate applications of the main result, our method is, in principle,
applicable to the problem of determining the zero–multiplicity of a large variety of ternary
recurrent sequences when only the recurrence is given but not the initial values.
2 Proof of the Main Theorem
Let (un)n∈Z be a ternary linear recurrence satisfying recurrence (1.1) and having zero–
multiplicity 3. Assume that the three zeros are located at the indices n0, n0 − x, n0 − y,
where 0 < x < y. Then un0 = 0, un0−x = 0, un0−y = 0. By equality (1.7), we can
consider the above equations as a homogeneous linear system of three equations, which has





∣∣∣∣∣∣ = 0. (2.1)
1 The Tribonacci sequence (Tn)n≥0 starts with T0 = T1 = 0, T2 = 1 and each term afterwards is the
sum of the preceding three terms Tn+3 = Tn+2 + Tn+1 + Tn, for all n ≥ 0.
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We put
x = 3x0 − r0, y = 3y0 − r1, for r0, r1 ∈ {0, 1, 2}. (2.2)
Substituting x, y according to (2.2) into (2.1), later multiplying the second row by 4x0 and
















∣∣∣∣∣∣ = 0, (2.3)
where
b1 = α
r0 , b2 = β
r0 , b3 = γ
r0 and c1 = α
r1 , c2 = β
r1 , c3 = γ
r1 . (2.4)










1 − b2βx01 ) = 0. (2.5)
Since all steps of the above argument are reversible, solving the above exponential Dio-
phantine equation (2.5), is equivalent to determining all the sequences (un)n∈Z with zero–
multiplicity at least 3. That is, for every solution (x0, y0), our sequences are shifts of the
sequences whose general term is given by formula (1.6), where (a, b, c) is a vector in the
null–space of the matrix whose determinant is shown at (2.1).
2.1 Absolute upper bounds on x0 and y0 − x0
In order to prove our Main Theorem, we need to use several times a Baker–type lower
bound for a nonzero linear form in logarithms of complex algebraic numbers. We begin by
recalling some basic notions from algebraic number theory.
Let η be an algebraic number of degree d over Q with minimal primitive polynomial over
the integers f(z) := a0
∏d
i=1(z − η(i)) ∈ Z[z], where the leading coefficient a0 is positive.











The following properties of the function logarithmic height h(·), which will be used in the
next sections without special reference are well–known:
h(η ± γ) ≤ h(η) + h(γ) + log 2, h(ηγ±1) ≤ h(η) + h(γ),
h(η) = h(η(i)), h(ηs) = |s|h(η) (s ∈ Z).
Our main tool is the following lower bound for a non–zero linear form in complex
logarithms due to Matveev [6]:
Theorem 1 (Matveev’s Theorem). Let K be a number field of degree DK over Q, η1, . . . , ηt
non–zero elements of K, and d1, . . . , dt rational integers. Put Λ := ηd11 · · · ηdtt − 1 and B ≥
max{|d1|, . . . , |dt|}. Let Ai ≥ max{DKh(ηi), | log ηi|, 0.16} be real numbers, for i = 1, . . . , t.
Then, assuming that Λ 6= 0, we have
|Λ| > exp(−3 · 30t+4 · (t+ 1)5.5 ·D2K(1 + logDK)(1 + log tB)A1 · · ·At).
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We use Matveev’s theorem to give absolute upper bounds on x0 and ` = y0 − x0. By















−iθy0 − c2eiθy0). (2.6)
Dividing both sides of the above equation (2.6) by b2c1α
y0− x02
1 and taking absolute values,
we get ∣∣(b3/b2)e−2iθx0 − 1∣∣ < (α− x0+y021 R+ αx0− y021 S) |b2c1|−1α−(y0− x02 )1 , (2.7)
where R :=
∣∣(b3c2eiθ(y0−x0) − b2c3eiθ(x0−y0))∣∣ and S := |b1| · |c3e−iθy0−c2eiθy0 |. Using (1.2),
(1.3) and (2.4), we have that
R = |(b3c2eiθ(y0−x0) − b2c3eiθ(x0−y0))| ≤ 2|b2||c2| ≤ 2|β|4 < 20
S = |b1||c3e−iθy0 − c2eiθy0 | ≤ 2α2|β|2 < 11.
(2.8)
Replacing inequalities (2.8) in inequality (2.7), we get
|Λ1| :=
∣∣(b3/b2)e−2iθx0 − 1∣∣ ≤ (20α− 32x01 + 11)α−3(y0−x0)/21 ≤ 25α−3`/21 . (2.9)
We use a linear form in two logarithms with the data t := 2, η1 := b3/b2, η2 := e
2iθ,
d1 := 1, d2 := −x0. The number field K = Q(α, β) contains η1, η2 and has degree DK = 6
over Q. We continue with the calculation of the logarithmic heights of η1, η2. A simple
check shows that the minimal polynomial of η2 = e
2iθ = β1/γ1 is
∏
σ∈G (x− σ(β1/γ1)) =
x6 + 4x5 + 11x4 + 12x3 + 11x2 + 4x+ 1 with Galois group G isomorphic to S3. Thus, the
conjugates of η2 are γ2/β2, α2/γ2, β2/α2 and their reciprocals. Again by the estimate (1.2),
we conclude that |η2| = |β1/γ1| = |γ1/β1| = 1, |β1/α1| = |γ1/α1| = 0.4008 . . . , and |α1/β1| =
|α1/γ1| = 2.494 . . . Thus, h(η2) = 13 log |α1/β1| < 0.31. In the notations of Matveev’s
Theorem, we can take A2 := 2 > max{6h(η2), | log η2|}, given that | log η2| < 1.94. We now
note that η1 = b3b
−1
2 = β
r0γ−r1 , r0, r1 ∈ {0, 1, 2}, so, using properties of the logarithmic
height we have that
h(βr0γ−r1) ≤ r0h(β) + r1h(γ) = (r0 + r1)h(β) = 1.8483 . . .
Thus, we can take A1 := 12. Furthermore, since x0 ≥ 1, we set B := x0. In order to
continue with our application of Theorem 1, we need to show that Λ1 6= 0. Otherwise, we
get the equation b3b
−1
2 = γ
r0/βr1 = e2iθx0 . Taking absolute value on both sides, we have
1 = |γ|r0/|β|r1 . Hence, r0 = r1. So, e2iθx0 = (β1/γ1)x0 = (γ/β)r0 . Using identities (1.4),
we get (γ/β)x = (γ/β)3x0−r0 = 1. However, this says that γ/β is a root of unity, which is
not the case.
Matveev’s Theorem gives us a lower bound for |Λ1|, which combined with inequality
(2.9) leads to the following inequality:
exp
(−3 · 305 · 25.5 · 62 · (1 + log 6) · (1 + 2 log x0) · 2 · 12) < 25α−3`/21 .
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Performing the calculations and using the fact that 1 + log 2x < 3 log(x + 1) which holds
for all x ≥ 1, we get a bound on `:
` < 7.3 · 1015 log(x0 + 1). (2.10)
In order to find an upper bound on x0, we return to the determinant (2.3), substitute










1 − b2c3βx01 γx0+`1 . (2.11)

























 = b3c2β`1 − b2c3γ`1
α2x01
.







` − 1), and tak-



































































from equation (2.12) we get
|Λ2||Λ3| < 3.7 · α−3x0/21 . (2.13)
We apply once more Matveev’s Theorem to each absolute value from the left–hand side
of the above equation (2.13). For Λ2, we use the data t := 2, η1 := b1c2/b2c1, η2 :=
β1/α1, d1 := 1, d2 := `. As in the previous application of Theorem 1, we can take
K := Q(α, β) with DK = 6 and A2 := 2. By properties of the logarithmic height, we have
h (b1c2/b2c1) ≤ r0h(α) + r0h(β) + r1h(α) + r1h(β)
= 2(r0 + r1)h(β) < 3.7.
Thus, we set A1 := 23. Furthermore B := ` and Λ2 is non-zero by the same argument
used to show that Λ1 6= 0. The conclusion of Matveev’s Theorem leads to the following
inequality
exp
(−1.28 · 1016 log(`+ 1)) < |Λ2|. (2.14)
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` − 1) · ((b1c2/b2c1)(β1/α1)` − 1)−1 and d1 := x0, d2 := 1. We






























































< 5`. Thus, h(η2) < 12` and we can take A2 := 72`.
Finally, we take B := x0. In order to continue with our application of Matveev’s Theorem,



























Conjugating this relation by the automorphism σ : α → β, β → γ, γ → α (so, α1 →
β1, β1 → γ1, γ1 → α1, b1 → b2, b2 → b3, b3 → b1 and c1 → c2, c2 → c3, c3 → c1) and






















































1 − 1 > 3.
Thus,
















which is imposible for x0 ≥ 1. Matveev’s Theorem leads to the following inequality
exp
(−4.17 · 1016 log(x0 + 1) · `) < |Λ3|. (2.15)
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So, from (2.13), (2.14) and (2.15), we conclude that
exp
(−1.28 · 1016 log(`+ 1)− 4.17 · 1016 log(x0 + 1)`) < 3.7α−3x0/21 .
Taking logarithms on each side, we get
x0 < 71.42 · 1016 log(`+ 1) + 4.6× 1016 log(x0 + 1)`. (2.16)
Using inequality (2.10) into (2.16), we obtain
x0 < 1.7 · 1032 log2(x0 + 1) + 1.42 · 1016 log log(x0 + 1) + 5.1 · 1017.
This leads to x0 < 1.2×1036, and returning to inequality (2.10) we obtain that ` < 3×1017.
We summarize what we have concluded so far below.
Lemma 1. Let (un)n≥0 be a non–zero ternary linear recurrence with characteristic poly-
nomial ψ(z). If 0 < x < y and n0 are integers such that un0 = un0−x = un0−y = 0, then
the inequalities x < 3.7× 1036 and y − x < 9.1× 1017 hold.
2.2 Lowering the bounds on x0 and `
Here, we use the theory of continued fractions to reduce the bounds given in Lemma 1.
To do this, we reduce the bounds on x0 and ` using the following result which is a slight
variation of a result due to Dujella and Petho˝, which itself is a generalization of a result of
Baker and Davenport (see [2]). For a real number y, we put ||y|| = min{|y − n| : n ∈ Z}
for the distance from y to the nearest integer.
Lemma 2. Let M be a positive integer, p/q be a convergent of the continued fraction of the
irrational τ such that q > 6M , and let A,B, µ be some real numbers with A > 0 and B > 1.
Let  := ||µq||−M ||γq||. If  > 0, then there is no solution to the inequality 0 < mτ−n+µ <
AB−k, in positive integers m,n and k with m ≤M and k ≥ log(Aq/)/ logB.
2.2.1 Reducing `.
First of all, we make the following observation on |Λ1|:∣∣(b3/b2)e−2iθx0 − 1∣∣ = ∣∣(γr0/βr0)e−2iθx0 − 1∣∣ = |e−2i(x0θ+r0ω) − 1|
= |(cos(2(x0θ + r0ω))− 1)− i sin(2(x0θ + r0ω))|
≥ | sin(2(x0θ + r0ω))|.
Putting m := b2(x0ω + r0θ)/pie, where bye is the nearest integer to the real number y.
Then −pi/2 ≤ 2(x0θ + r0ω)−mpi ≤ pi/2. Hence, from inequality (2.9), we get
25 · α− 32 `1 > | sin(2(x0θ + r0ω)| = | sin(2(x0θ + r0ω)−mpi)|
≥ 2 |2(x0θ + r0ω)/pi −m| ,
(2.17)
where we have used that | sin y| = sin |y| ≥ 2pi |y| which holds for all −pi/2 ≤ y ≤ pi/2. Thus,
we can conclude from the above inequality (2.17) that
|(2θ/pi)x0 −m+ (2r0ω/pi)| < 13 · α−3`/21 . (2.18)
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If r0 = 0, then we conclude from the above inequality (2.18) that
|(2θ/pi)− (m/x0)| < 13 · x0α−3`/21 . (2.19)
We put ξ := 2θ/pi and compute the beginning of its continued fraction [a0, a1, a2, . . .] as
well as the first few of its convergents p1/q1, p2/q2, . . .. We find an integer t such that
qt > 1.2×1036 > x0 and take aM := max{ai : 0 ≤ i ≤ t}. Then, from the known properties
of continued fractions, we have that |ξ − (m/x0)| > 1/(aM + 2)x20. Combining this above
inequality with (2.19) and taking into account that q68 > 1.2 · 1036 > x0 and aM = 80
(confirmed by Mathematica), we obtain α
3`/2
1 < 1.28× 1039, so ` ≤ 99.
Now, if r0 = 1, 2, we take Γ1 := (2θ/pi)x0 −m+ (2r0ω/pi), which is nonzero. If Γ1 > 0,
then by (2.18), we get
0 < (2θ/pi)x0 −m+ (2r0ω/pi) < 13α−3`/21 . (2.20)
We put τ := 2θ/pi, µ := 2r0ω/pi, A := 13, B := α
3/2
1 . Clearly, τ is an irrational number
because the Tribonacci sequence is non–degenerate. Lastly, we take M := 1.2× 1036 which
is an upper bound on x0 by Lemma 1 and apply Lemma 2 to inequality (2.20) for r0 = 1, 2.
With the help of Mathematica, we found that q70 > 6M and  = 0.332563 . . . ensure that
the maximum value of blog(Aq/)/ logBe is 101, which is an upper bound on `, according
to Lemma 2. Now, if Γ1 < 0, then from (2.18), we obtain
(pi/2θ)m− x0 − (r0ω/θ) < 9.4α−3`/21 . (2.21)
In this other case, we take τ := pi/2θ, µ := −r0ω/θ, A := 9.4, B := α3/21 . Finally, we
take M := b1.2 × 1036(2θ/pi) + (2r0ω/pi) + 1e which is an upper bound on m and apply
again Lemma 2 for r0 = 1, 2 to inequality (2.21). With the help of Mathematica, we
found that the maximum value of blog(Aq/)/ logBe is 99 (in this case with q87 > 6M and
 = 0.065199 . . . ), which is an upper bound on ` by Lemma 2. So, in summary, we have
` ≤ 101.
2.2.2 Reducing the upper bound on x0.
Assume that x0 ≥ 3. Note first that min{|Λ2| : 0 ≤ r0, r1 ≤ 2, 1 ≤ ` ≤ 101}| > 0.8237.
Thus from inequality (2.13), we conclude that |Λ3| < 4.5α−3x0/21 . Hence, given that x0 ≥ 3,
then we get |Λ3| < 1/2. Using the fact that | log(1 + w)| ≤ 2|w| if |w| ≤ 1/2, with
w = Λ3, and recalling that the complex logarithm is additive only modulo 2pii and that






















∣∣∣∣∣∣ < 9α−3x0/21 (2.22)
holds with some t ∈ Z. Using | log(1 + Λ3)| ≤ 2|Λ3| < 1, x0 < 1.2 × 1036 and inequality
(2.22), we have that




























< 5.3 · 1036,
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which leads to |t| < 8.4 · 1035. Let




























We see from inequality (2.22) that
0 < |Γ2| := |2pit− 2θx0 + ζ(r0, r1, `)| < 9α−3x0/21 . (2.23)
Furthermore, as −3.021 < ζ(r0, r1, `) < 1.332 holds for all 1 ≤ ` ≤ 101 and 0 ≤ r0, r1,≤ 2,
we get that t must be a positive integer. Hence, we still need to deal with inequality (2.23)
in the range where x0 and t are positive integers < 1.2 · 1036. For each ` ∈ [1, 101] and
r0, r1 ∈ [0, 2], we used the reduction method of Lemma 2. We describe in parallel the cases
Γ2 > 0 and Γ2 < 0.
Γ2 > 0 Γ2 < 0
(pi/θ)t− x0 + ζ(r0, r1, `)/2θ < 2.1α−3x0/21 (θ/pi)x0 − t− ζ(r0, r1, `)/2pi < 1.5α−3x0/21
τ := pi/θ, µ := ζ(r0, r1, `)/2θ τ := θ/pi, µ := −ζ(r0, r1, `)/2pi
A := 2.1, B := α
3/2
1 A := 1.5, B := α
3/2
1
The conditions on x0 and t in inequality (2.23) allow us to take M := 1.2 · 1036 in both
cases. Further, as before τ is an irrational number. A new implementation of Lemma
2 in Mathematica tells us that q77 and  = 0.0006696 . . . , ensure that the maximum of
blog(Aq/)/ logBe is 105 for Γ2 > 0 and also that q78 and  = 0.00027122 . . . , maximize
the value of blog(Aq/)/ logBe to 107, for Γ2 < 0. So, we conclude that x0 ≤ 107. Finally,
from (2.2), we obtain x = 3x0 − r0 ≤ 321 and y = 3y0 − r1 ≤ 3(x0 + `) ≤ 624,
Summarizing, we have proved that the following result.
Lemma 3. Let (un)n≥0 be a nonzero ternary linear recurrence with characteristic polyno-
mial ψ(z). If 1 ≤ x < y are integers and n0 is some integer such that un0 = un0−x =
un0−y = 0, then x ≤ 321 and y ≤ 624 holds.
2.2.3 Final computations
The Berstel sequence (Bn)n≥0 has zero–multiplicity 6 with B0 = B1 = B4 = B6 = B13 =
B52 = 0. A simple search in Mathematica shows that the determinant (2.1) is zero in the
range indicated in Lemma 3 only in the following cases for (x, y):
(2, 5), (2, 6), (3, 4), (5, 6), (7, 9), (7, 12), (7, 13), (9, 12), (9, 13), (12, 13), (16, 24), (39, 46),
(39, 48), (39, 52), (39, 52), (46, 48), (46, 51), (46, 52), (48, 51), (48, 52), (51, 52).
All the above solutions (x, y) except for (16, 24) arise from suitable translations of Berstel
sequence. For (x, y) = (16, 24), we suppose that n0 = 24, so we have u0 = u8 = u24 =
0. In order to determine such ternary recurrence linear sequence (un)n, we assume that
u0 = 0, u1 = a and u2 = b, with a, b integers non–zero. Furthermore, since the zeros
of un remain invariant under any scalar multiplication, we may assume that a = 1. For
un+3 = 4un+2 − 4un+1 + 2un with initial values u0 = 0, u1 = 1 and u2 = b, we obtain
that u8 = 16(b − 4) and u24 = −131072(b − 4). This leads us to conclude that the case
(x, y) = (16, 24) corresponds to shifts and scalar multiplication of the Berstel type sequence
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(un)n≥0, with initial values u0 = 0, u1 = 1 and u2 = 4. This completes the proof of the
main theorem.
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